Abstract. We compute the cone of effective divisors on a Bott-Samelson variety corresponding to an arbitrary sequence of simple roots. The main tool is a general result concerning effective cones of certain B-equivariant P 1 bundles. We also obtain an auxiliary result giving criteria for a BottSamelson variety to contain a dense B-orbit, and we construct desingularizations of intersections of Schubert varieties. An appendix exhibits an explicit divisor showing that any Bott-Samelson variety is log Fano.
Introduction
The cone of pseudoeffective divisors carries important information about a projective algebraic variety, and plays a key role in the minimal model program. Computing this cone explicitly, however, is quite difficult; there are few general methods for describing effective divisors. In general, the pseudoeffective cone may have infinitely many extremal rays; but even for log Fano varieties, where one knows the cone is finitely generated [4] , describing a set of generators is a challenging task.
One situation in which the answer is relatively simple is common in applications to representation theory. Whenever a connected solvable group B acts on a nonsingular projective variety X, one knows the effective cone is generated by B-invariant divisors: given a B-linearized line bundle L, apply the Lie-Kolchin theorem to H 0 (X, L) to find a nonzero semi-invariant section whenever L has nonzero sections; such a section defines a B-invariant divisor. Sumihiro's theorem guarantees that any line bundle on X can be linearized, so this suffices to prove the claim. (See [26] , and the refinement in [20, Proposition 2.4] . The same reasoning also applies to Q-factorial normal varieties.) In the case when B acts with a dense open orbit U whose complement has codimension one, the irreducible components of X U are precisely the irreducible B-invariant divisors, so these generate Eff(X), possibly redundantly. Examples of this include toric varieties and flag varieties-and more generally, spherical varieties-as well as Schubert varieties and their Bott-Samelson desingularizations.
It is harder to make such general statements for varieties not having a group action with dense orbit, but the computation of effective cones has Date: December 30, 2014. The author was partially supported by NSF Grant DMS-0902967 and a postdoctoral fellowship from the Instituto Nacional de Matemática Pura e Aplicada (IMPA).
become a subject of increasing activity in the last decade, especially in connection with birational geometry and Cox rings. To mention a few examples (without pretending to give an exhaustive list), explicit computations have been done for some blowups of P n [7] , some moduli spaces of rational pointed curves [15, 6] , some Kontsevich spaces of stable maps [16, 8] , Hilbert schemes of points and moduli spaces of sheaves on P 2 [18, 9] , and some rational complexity-one T -varieties [17] . The cone is also known for hyper-Kähler varieties, which include moduli of sheaves on K3 surfaces (see, e.g., [3, §12] ).
The main goal of this article is to describe the effective cones of divisors on Bott-Samelson varieties. In contrast to many of the moduli space examples mentioned in the previous paragraph, Bott-Samelson varieties form an infinite family of varieties whose effective cones are of unbounded dimension. The answer is not trivial, but these varieties are in many ways simpler than the spaces listed above, and their effective cones can be described concretely.
In order to state the theorem we quickly review the setup; more can be found in §4. Consider a reductive (or Kac-Moody) group G with Borel subgroup B. The sequence α is reduced if the Demazure product is equal to the ordinary product in the Weyl group; in this case, the map ϕ : X(α) → X(w) is birational, and X(α) has a dense B-orbit whose complement is the union of the standard divisors X i . As already pointed out, this means the effective cone of a Bott-Samelson variety X(α) is generated by the standard divisors when α is reduced. In general, however, there are effective classes on X(α) not contained in the simplicial cone spanned by X 1 , . . . , X d .
Let X = X(α). For each i, there is a truncation map π i : X → X(α 1 , . . . , α i ). There is always a unique irreducible component of the B-invariant divisor ϕ −1 i X(w i s α i ) which projects surjectively onto X(α 1 , . . . , α i ). When w i > w i−1 , this divisor is X i ; when w i = w i−1 , it is a distinct divisor Σ i+1 (Lemma 3.5). The latter case occurs for some i if and only if the word α is non-reduced. Theorem 1.1. The effective cone Eff(X) is generated by the standard divisors X 1 , . . . , X d , together with the divisors Σ i for i such that w i = w i−1 . Furthermore, each Σ i spans an extremal ray.
The generating set is not claimed to be minimal: when w i = w i−1 , the divisor X i may be redundant. In the simplest example, X = X(α, α) ∼ = P 1 × P 1 , the effective cone is generated by X 1 and Σ 2 = X 2 − X 1 . We will give examples showing that the number of rays of Eff(X) can be larger than d = dim N S(X) R . This shows that the cones can be non-simplicial, but nonetheless they are not too complicated: the theorem implies a bound of 2d−1 extremal rays. (This is close to sharp, since one can find Bott-Samelson varieties of dimension d whose effective cones have 2d − 3 extremal rays; see Example 4.3.) Even when one is primarily interested in reduced words, non-reduced words appear naturally in several contexts. When α is a reduced word for w, with corresponding desingularization ϕ : X(α) → X(w), some components of the inverse image ϕ −1 X(v), for v < w, are Bott-Samelson varieties corresponding to non-reduced words. Similarly, the standard divisors X i ⊆ X(α) are themselves isomorphic to Bott-Samelson varieties, and many of them correspond to non-reduced words; having control over their effective cones is useful for running inductive arguments. In a different direction, if α and β are two reduced words, then certain fibers of the map X(α, β) → G/B give desingularizations of certain intersections of Schubert varieties; these varieties are nontrivial exactly when the concatenation (α, β) is non-reduced (see §6). As another example, when G = SL 3 , Bott-Samelson varieties for arbitrary sequences of roots are also certain configuration spaces for points and lines in the plane (see Remark 4.6). Theorem 1.1 is a direct consequence of a result which compares the pseudoeffective cones of Z(β) and Z, where Z is any smooth variety with a Bequivariant map to G/B, and Z(β) → Z is a certain B-equivariant P 1 bundle corresponding to a simple root β (Theorem 3.3). In §5 and §6, we give two supplemental results: one is a criterion for X(α) to have a dense B-orbit, and the other constructs a desingularization of the (often non-transverse) intersection X(u) ∩ w · X(v) of translated Schubert varieties.
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Preliminaries and notation
Fix an algebraically closed ground field. We refer to [22] for basic facts about groups and flag varieties. Throughout, G denotes a Kac-Moody group, with a fixed Borel subgroup B and maximal torus T . Let W = N G (T )/T be the corresponding Weyl group, R = R + ∪ R − ⊆ t * the set of (positive and negative) roots, and S ⊆ R + the set of simple roots. The roots of B are R + . There is also an opposite Borel subgroup B − , whose roots are R − .
Corresponding to each root α there is a coroot α ∨ ∈ t. For each simple root, there is also a fundamental weight ̟ α , defined so that ̟ α , β ∨ = δ α,β .
For each α ∈ S there is a simple reflection s α , and a minimal parabolic subgroup P α ⊆ G, generated by B andṡ α ; the roots of P α are R + ∪ {−α}.
We will fix representativesẇ ∈ N (T ) for Weyl group elements w ∈ W , but the choice will never matter in this article. The length ℓ(w) of a Weyl group element is the minimal number of simple reflections s α needed to write w. Such an expression is called reduced, as is the corresponding sequence of simple roots α.
The Demazure product on W is defined by replacing the relation s α ·s α = e with s α ⋆ s α = s α in the Coxeter presentation. Equivalently, for any w ∈ W and any simple root α, define w⋆s α to be the longer of ws α or w. A sequence of simple roots is reduced if and only if the usual product s α 1 · · · s α ℓ is equal to the Demazure product
The flag variety is G/B, an (ind-)projective variety. It decomposes into Schubert cells X(w) • = BẇB/B ∼ = A ℓ(w) , whose closures are the Schubert varieties X(w) = BẇB/B. The torus T acts on G/B by left multiplication, and the fixed points (G/B) T are in bijection with the Weyl group. Abusing notation, we sometimes write w ∈ G/B to indicate the T -fixed point corresponding to w ∈ W , instead of writingẇB.
For any w ∈ W , we define
and
and similarly
where U and U − are the unipotent radicals of B and B − , respectively. Then B w is the stabilizer (in B) of the T -fixed pointẇB ∈ G/B, and the map u → uẇB defines a T -equivariant isomorphism U w ∼ − → X(w) • . For each root α ∈ R, there is a root subgroup U α ∼ = G a . There is an isomorphism of algebraic varieties
given by multiplication (in any order). This is equivariant for the conjugation action of T on both sides. The reader less familiar with Lie theory is invited to assume G = SL n , with B and T the subgroups of upper-triangular and diagonal matrices. The Weyl group is W = S n , the simple reflections are the adjacent transpositions, the simple roots are α i = e i − e i+1 , and the minimal parabolic P α i consists of block upper-triangular matrices where an entry in position (i + 1, i) can be nonzero. (Theorem 1.1 is already nontrivial for SL 3 .)
Finally, we record a basic fact about invariant cycles. Let B be a connected solvable linear algebraic group acting on a smooth projective variety X. As mentioned in the introduction, B-invariant divisors suffice to generate the cone of effective divisors. Substantially more is true.
Lemma 2.1. Let X be a complete irreducible variety of dimension d, with an action of the connected solvable group B. Then for any 0 ≤ i ≤ d, the cone of effective classes in N i (X) R is generated by classes of B-invariant i-cycles. This is a straightforward generalization of statements in [5, 11] . The idea in all cases is to apply Borel's fixed point theorem to the Chow variety of X.
Divisors on B-varieties
In this section we will consider a complete nonsingular B-variety Z, together with a B-equivariant map ϕ : Z → G/B, and compute the effective cone of certain P 1 -bundles on Z.
Being a closed irreducible B-invariant subvariety of G/B, the image ϕ(Z) ⊆ G/B is a Schubert variety X(w). The following simple lemma will be useful.
• is also nonsingular, the claim follows.
We fix some notation. For any simple root β, let P β ⊂ G be the corresponding minimal parabolic subgroup, so there is a
for the fiber product.
Define π : Z(β) → Z to be the pullback of the
❄
There is a canonical section of the projection X(β) → G/B, corresponding to the diagonal map G/B → G/B × G/B. This induces a canonical section of π. We will write ∆ ⊆ Z(β) for the image of this section; it is a B-invariant divisor.
Writing X(w, β) for the restriction of X(β) to X(w) ⊆ G/B, we also have a diagram
where w ⋆ s β is the Demazure product (equal to the longer of ws β or w). Let ϕ : Z(β) → X(w ⋆ s β ) be the composition µ • ψ.
Restricting this basic diagram over
where E = E w,ws β ∼ = P 1 is the curve connecting the T -fixed points w and ws β in G/B, and as already observed in the proof of Lemma 3.1,
These two diagrams will be used repeatedly in proving the main results. It will be helpful to describe (2) in more detail first.
The isomorphism
where u ∈ U w gives a unique representative uẇB for a point in X(w) • , and
The morphism µ • can be described more precisely. Assume for the moment that w > ws β , so w(−β) ∈ R + . For u ′ ∈ U ws β and u ′′ ∈ U w(−β) , there is an isomorphism
(This uses the facts that U w ∼ = U ws β × U w(−β) and that U w(−β) acts on E.) These morphisms fit into a commutative diagram
where q is the projection. It follows that µ • is a (trivial) A 1 -bundle when w > ws β . Similar reasoning shows µ • is an isomorphism when w < ws β . Finally, the action of B on X(w) • ×E can be described as follows. Writing a point in X(w) • as uẇB, for any b ∈ B, we can write b = u ′ b ′ where u ′ ∈ uU w u −1 and b ′ ∈ uB w u −1 . For y =ẇpB ∈ E, we have When ws β > w, we have E Bw = {w} since in this case the root subgroup U w(β) is contained in B w but not in B ws β .
The standard B-invariant divisor ∆ ⊆ Z(β) restricts to ∆ • = Z • × {w}. When ws β < w, we have E Bw = {w, ws β }, so we can define a second Binvariant divisor
Using the B-action, this can also be written as Σ = B · (ϕ −1 (w) × {ws β }).
The main theorem of this section says that the effective cone of Z(β) is generated by that of Z, together with ∆ and Σ (when the latter exists).
is generated by π * Eff(Z) together with ∆.
(ii) If ws β < w, then Eff(Z(β)) is generated by π * Eff(Z) together with Σ and ∆. In this case Σ generates an extremal ray.
Quite generally, if Z is a Q-factorial variety and π : Z ′ → Z is a P 1 -bundle, then the Néron-Severi groups of Z and Z ′ are related by a natural short exact sequence 0 → N S(Z) π * − → N S(Z ′ ) → Z → 0, and the pullback π * Eff(Z) is a facet of Eff(Z ′ ). (A fiber of π is a moving curve, and π * Eff(Z) lies in the orthogonal space to the class of a fiber; in fact, the same argument applies to any fibration whose fiber has Picard number one.) Bearing this in mind, Theorem 3.3 is an immediate consequence of the following proposition, together with Proposition 3.7. Proof. Let λ : G m → T be a one-parameter subgroup such that w(β), λ > 0, so the induced action of G m act on E fixes the points w and ws β , and has lim t→0 t · y = w for y ∈ E {w, ws β }. Extend this to an action of G m on Z • × E by letting G m act trivially on Z • .
Define a family
For each t ∈ A 1 , write D t for the fiber of the projection p : The scheme D is Cohen-Macaulay, since it is a divisor in the nonsingular variety Z(β) × A 1 , so equidimensionality of the fibers implies p is flat (e.g. by [14, Ex. III.10.9] ). This proves the proposition.
The divisor Σ has a useful alternative characterization. In the top row of diagram (2) , observe that the image of ϕ −1 (w) × {ws β } under the composed map
• is the point ws β . By B-equivariance, when ws β < w, we see that ϕ maps Σ into the divisor X(ws β ) ⊆ X(w).
Lemma 3.5. If ws β < w, then Σ is the unique irreducible component of ϕ −1 X(ws β ) ⊆ Z(β) which is mapped birationally to Z by π. Furthermore, the scheme ϕ −1 X(ws β ) is generically reduced along Σ. To see that ϕ −1 X(ws β ) is reduced along Σ, again restrict to the basic diagram (2) . Recall that µ • : X(w) • × E → X(w) • ∪ X(ws β ) • is given by µ • (uwB, wpB) = uwpB, and by the diagram (3), it is identified with the projection of a trivial A 1 -bundle. It follows that (µ • ) −1 X(ws β ) • is reduced, and one checks that it is V = X(w) (Z(β) ) is generated by π * Eff(Z), ∆, and Σ (when the latter exists). To complete the proof of Theorem 3.3, we must show Σ is extremal when it exists. We need another simple lemma. Lemma 3.6. Let X be a normal variety, and let Y ⊆ X be a prime (Weil) divisor, i.e., an irreducible subvariety of codimension one. Let f : X ′ → X be a proper surjective map from a smooth variety X ′ , and write
as sheaves of O X -modules. In particular, this sheaf is torsion-free.
Proof. Write ι : X sm ֒→ X for the inclusion of the smooth locus, define notation by the cartesian diagram
as claimed.
Proposition 3.7. Suppose ws β < w. Then the divisor Σ generates an extremal ray of Eff(Z(β)).
Proof. We know that Eff(Z(β)) is generated by π * Eff(Z), ∆, and Σ. Since Σ maps birationally to Z, we also have Σ = ∆ + π * D for some (unique) divisor D on Z. To prove the proposition, we will show D is not effective. By Lemma 3.5, we have ϕ −1 X(ws β ) = Σ + π * E for some effective divisor E ⊆ Z, so it suffices to show that the divisor
, and consider the sequence
of sheaves on Z(β). We claim that the induced homomorphism
is an injection of sheaves on X(w). It follows that H 0 (L) = 0, so this suffices to prove the proposition. In fact, both sheaves in (5) are isomorphic to the divisorial sheaf O X(w) (X(ws β )). To see this, observe that ϕ * (O( ϕ −1 X(ws β ))| ∆ ) ∼ = ϕ * O Z (ϕ −1 X(ws β )) and apply Lemma 3.6 to the morphisms ϕ : Z(β) → X(w) and ϕ : Z → X(w). The morphism (5) is nonzero-it is an isomorphism over the open set X(w) • -and a nonzero homomorphism of divisorial sheaves is injective (see, e.g., [21, Lemma 3.3] ), so the claim is proved. Theorem 3.3 shows that the P 1 -bundles Z(β) → Z are special, in the sense that the effective cone of the total space is finitely generated over that of the base. In general one cannot hope for such simple behavior, even for T -equivariant bundles on nice varieties.
Example 3.8. Suppose X → Y is a T -equivariant P 1 -bundle, with Y a complexity-one T -variety. Even if Eff(Y ) is finitely generated, the cone Eff(X) need not be. Indeed, let Z be a 2-dimensional smooth toric variety corresponding to a fan with n ≥ 11 rays, having a cone σ spanned by rays ρ 1 , ρ 2 such that ρ 3 , . . . , ρ n are contained in −σ. Assume the ground field is uncountable, and let E be a rank 3 toric vector bundle on Z, chosen as in [13, Theorem 1.4] so that P(E) has non-polyhedral effective cone. Furthermore assume there is an exact sequence 0 → L → E → F → 0 of toric vector bundles on Z, with L a line bundle and F of rank 2. (To see this can be arranged, start with any E as in [13] so that Eff(P(E)) is not finitely generated, and choose a T -invariant rational section σ : Z P(E). If σ is regular, then it corresponds to such an L. Otherwise, blow up finitely many T -invariant points to resolve indeterminacy of σ, obtaining a new toric variety Z ′ → Z; now replace Z with Z ′ , and E with its pullback to Z ′ .)
The line bundle defines a section Z → P(E); let S ⊂ P(E) be the image, let X = Bl S (P(E)), and let Y = P(F ). The effective cone of X surjects onto that of P(E), so Eff(X) is not finitely generated. On the other hand, the map of vector bundles E → F on Z defines a P 1 -bundle X → Y , and Y being the projectivization of a rank-two bundle on Z, Eff(Y ) is finitely generated [19, 12] . I thank J. Tevelev for suggesting this construction.
Bott-Samelson varieties
We briefly review basic facts about Bott-Samelson varieties. For more details, the articles by Demazure [10] , Lauritzen and Thomsen [23] , Magyar [24] , and Willems [27] are recommended.
Recall that for each simple root α, there is a minimal parabolic subgroup P α ⊆ G. For a group Γ acting on Y on the right and Z on the left, the balanced quotient is defined as
Given a sequence α = (α 1 , . . . , α d ) of simple roots, the corresponding Bott-Samelson variety is
where B acts on the parabolic subgroups by multiplication. Equivalently, X(α) is the quotient of
Bott-Samelson varieties come with B-equivariant morphisms
embedding X(α) in the product (G/B) d+1 . With respect to this isomorphism, ϕ i is identified with the projection on the ith factor, and π i is identified with projection on the first i factors.
To economize on subscripts, let ϕ = ϕ d and π = π d−1 . The projection π makes X = X(α) a P 1 -bundle over the smaller Bott-Samelson variety X(α 1 , . . . , α d−1 ), so X is a nonsingular projective variety of dimension d, and we have Pic(
there is a standard divisor X i ⊆ X, defined by requiring p i = e. Evidently we have X i ∼ = X(α 1 , . . . , α i , . . . , α d ). The union of the X i form a normal crossings divisor, and the classes of the X i form a basis for N S(X).
Proof of Theorem 1.1. Using the isomorphism (6), an equivalent way to define X(α) is by the following recursive procedure: start with X(∅) = pt, with its B-equivariant map ϕ embedding it as eB ∈ G/B. In general, take Example 4.1. The simplest non-reduced word is (α, α) (for any simple root α, in any root system). As remarked in [23] , one has X(α, α) ∼ = P 1 × P 1 , and the effective cone is not generated by X 1 and X 2 . Writing the B-fixed point as 0 = eB ∈ P 1 ∼ = SL 2 /B, the divisor X 1 is {0} × P 1 , and X 2 is the diagonal. The map ϕ is projection onto the second factor, so the divisor Σ 2 is ϕ −1 (0) = P 1 × {0}. The theorem claims that these three divisors generate Eff(X(α, α)), and in fact X 1 and Σ 2 suffice.
For more interesting examples, we will need some facts about line bundles. Recall that any character λ determines a line bundle on G/B by L λ = G× B L λ , where L λ is the one-dimensional representation of B with character λ. A character induces line bundles on a Bott-Samelson variety X = X(α)
where for z ∈ L λ,i , the action is by (
For any simple root β, the isomorphism
with its natural B-action yields exact sequences of B-modules,
and of vector bundles on
The Bott-Samelson variety X(α, β) is then identified with the projective bundle P(ϕ * d V β ). The corresponding universal quotient bundle is obtained by dualizing the inclusion 
is very ample (resp., globally generated) iff all m i > 0 (resp., all m i ≥ 0) [23] .
1 It is useful to know a change-of-basis formula for passing to the X i basis of Pic X(α). 
as line bundles on X(α), where the coefficients are
Example 4.3. Consider G = SL 3 and the root system of type A 2 , with simple roots α and β. The effective cone of X = X(α, β, α, β) is generated by
Indeed, Σ 4 = ϕ −1 X(s α s β ). The Schubert divisor X(s α s β ) ⊆ SL 3 /B is a section of the line bundle L −̟ β . We compute the class of Σ by using
, this gives an example of a nonsimplicial effective cone. Extending this computation, for α with α i = α for i odd and α i = β for i even, one finds that both X i and Σ i span extremal rays of EffX(α) whenever i > 3, so if dim X(α) = d > 3, the effective cone has 2d − 3 extremal rays.
Example 4.4. Continuing the notation of the previous example (in type A 2 ), consider X = X(α, β, α, α). The effective cone is generated by
To see this, we first compute the expansion of ϕ * L −̟α in the X i basis to obtain X 1 − X 3 + X 4 . However, one checks that
Example 4.5. Now consider G = Sp 4 , of type C 2 , with short root α and long root β. (So α, β ∨ = −1 and β, α ∨ = −2.) The effective cone of X(α, β, α, β, α, β) is generated by
The last two generators are Σ 5 and Σ 6 , which are computed by using Lemma 4.2 to expand O 5 (−̟ α ) and O 6 (−̟ β ), respectively. , its Cox ring is finitely generated. However, Cox(X(α)) usually is not generated by the divisors X i and Σ i spanning Eff(X(α)).
One already sees counterexamples in the reduced case. For instance, continuing the notation of the type A 2 examples, the variety X = X(α, β) is isomorphic to the Hirzebruch surface F 1 , a P 1 -bundle over P 1 . The divisor X 1 is a fiber of this bundle. One can also realize X as the blowup of P 2 in one point, with the divisor X 2 identified the exceptional divisor. We see that h 0 (X, O(X 1 )) = 2 and h 0 (X, O(X 2 )) = 1. On the other hand, X is a toric surface with four T -invariant divisors, so one knows its Cox ring is isomorphic to k[t 1 , t 2 , t 3 , t 4 ], which cannot be generated by H 0 (X, O(X 1 )) and H 0 (X, O(X 2 )).
Dense B-orbits
Although we now have a finite list of generators for Eff(X(α)), for any α, it is natural to return to the principle sketched in the introduction and ask when X(α) has a dense B-orbit. There is a simple criterion.
Let w = w(α), and choose a subword (α i 1 , . . . , α i ℓ ) that is reduced for w, so w = s i 1 · · · s i ℓ and ℓ = ℓ(w). Let m = d − ℓ; this is the dimension of the fiber ϕ −1 (w).
Proposition 5.1. Let X = X(α). Suppose the m characters
are linearly independent in t * . Then X has a dense B-orbit.
The idea is to determine the weights of the T -action on the tangent space to a fixed point of ϕ −1 (w). The condition on characters ensures that ϕ −1 (w) is the closure of a T -orbit in X.
Proof. From the proof of Lemma 3.1, we know that ϕ −1 X(w) • ∼ = X(w) • × ϕ −1 (w). Since X(w) • is isomorphic to U w , and B is isomorphic to B w × U w (as varieties), X has a dense B orbit if and only if ϕ −1 (w) has a dense B w -orbit. Of course, it will suffice to show that ϕ −1 (w) has a dense T -orbit.
Let ǫ = (ǫ 1 , . . . , ǫ d ), with each ǫ i being either e or s i in W . Abusing notation slightly, we also write ǫ = [ǫ 1 , . . . ,ǫ d ] for the corresponding point of X. These 2 d points are exactly the T -fixed points of X (see, e.g., [27] ). Using the description of X as an iterated P 1 -bundle, one can check that the tangent bundle is (8) and that the multi-set of T -weights on the tangent space T ǫ X is
The fixed points of ϕ −1 (w) are those ǫ such that ǫ 1 · · · ǫ d = w (taking the usual product, not the Demazure product). Take a reduced subsequence for w as above, and let ǫ be the corresponding point of ϕ −1 (w), so ǫ i j = s i j , and all other ǫ i 's are e. The T -weights on T w X(w) • are
so the set of weights on T ǫ ϕ −1 (w) is the (multi-set) complement Π ǫ (R + ∩ w(R − )); these are the negatives of the characters listed in (7) . In general, a nonsingular variety X has a dense torus orbit if and only if at some (equivalently, any) fixed point x, the weights on T x X are linearly independent, so the proposition is proved.
Example 5.2. Continuing the notation for type C 2 from Example 4.5, the criterion shows that X(α, β, α, β, α, β) has a dense B-orbit. In the theorem, take the reduced subword (α 3 , . . . , α 6 ); the two characters α 1 = α and α 2 = β are certainly linearly independent. In fact, w = w • in this case, and the fiber ϕ −1 (w) can be identified with the blowup of X(s α s β ) (which is isomorphic to the Hirzebruch surface F 2 ) at a torus-fixed point. The complement of the dense B-orbit is the union of the divisors X i (1 ≤ i ≤ 6) together with Σ 5 and Σ 6 .
It seems reasonable to conjecture that the converse to Proposition 5.1 holds. This would be immediate if U w acts trivially on ϕ −1 (w), but I do not know if this is true.
Intersections of Schubert varieties
The hypothesis of Proposition 5.1 says that the action of T makes ϕ −1 (w) a toric variety with respect to some quotient of T . For a special class of Bott-Samelson varieties, we will see an equivalent alternative that can be checked directly on the flag variety G/B.
Given u, v in W , let w = u⋆v be their Demazure product. We will consider the intersection X(u) ∩ w · X(v) of translated Schubert varieties in G/B. In the finite-dimensional case, if w = w • this is the Richardson variety X w•v u , i.e., the intersection of X(u) with the opposite Schubert variety
In the infinite-dimensional case, however, Richardson varieties usually cannot be written as intersections of translated Schubert varieties in this way. Suppose α = (α 1 , . . . , α k ) is a reduced word for u and β = (β 1 , . . . , β ℓ ) is a reduced word for v. Write β −1 = (β ℓ , . . . , β 1 ), so this is a reduced word for v −1 .
2 Ed Richmond has pointed out that in affine type A1, given elements x, y ∈ W , one can find u, v ∈ W such that X Proposition 6.1. Let f : ϕ −1 (w) → G/B be the morphism given by restricting ϕ k . Then f is birational onto its image, which is X(u) ∩ w · X(v), so f is a desingularization of this intersection of translated Schubert varieties.
A similar construction was given by Balan, for the case w = w • ; that is, when X(u) ∩ w · X(v) is a Richardson variety [2] .
Proof. It will be convenient to adopt a more symmetric point of view. For any sequence of simple roots γ, write Observe that X(α,
, and we can identify pr Combining this with the criterion for dense B-orbits (Proposition 5.1), we obtain the following. We will see that the pair (X, ∆) is log Fano, for a suitably chosen divisor ∆ = i ǫ i X i , independent of the characteristic of the ground field. First we need an easy lemma.
Lemma A.1. There are positive integers a 1 , . . . , a d such that the divisor A = i a i X i is ample.
Proof. This is almost obvious, but for concreteness here is a recipe for choosing the a i . Recall that A is ample iff O(A) = O(n 1 , . . . , n d ) with all n i > 0 [23] . We have n d = a d , so this coefficient is positive. Suppose a d , . . . , a k+1 > 0 but a k ≤ 0, and let A ′ = i a ′ i X i be such that O(A ′ ) = O(n 1 , . . . , n k − a k + 1, n k+1 , . . . , n d ). Since the change of basis between the O(1)-basis and the divisor basis is uni-triangular, we have a ′ k = 1 and a ′ i = a i for k + 1 ≤ i ≤ d. Replace A with A ′ and continue inductively.
Given an ample divisor A = i a i X i as in the lemma, choose a positive integer M greater than all a i , and let ǫ i = 1 − a i /M . Proof. From the definition, it is clear that ⌊∆⌋ = 0, so we must check that −K X − ∆ is ample. This is equal to
where R is the divisor associated to O d (−ρ), and A is the ample divisor of the lemma. Since R is pulled back from an ample divisor on G/B, it is nef; therefore R + (1/M )A is ample.
Remark A.3. The theorem is an instance of the general fact that when Y is a smooth variety such that −K Y = N +E, with N nef and E = E 1 +· · ·+E r a simple normal crossings divisor supporting an ample divisor, one can find a Q-divisor D supported on E such that (Y, D) is log Fano. As with the analogous fact about Schubert varieties [1] , our point here is to make this choice of D explicit.
